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1 Carbon Allotropes Double Layer
Graphene
Many properties of single-layer graphene has been theo-
retically studied to allow further characterization of this
material. These properties are unconventional due to the
unique band structure of graphene, which is described in
terms of Dirac fermions.
The experimental study of graphene triggered a grow-
ing attention to its electronic properties,[14] because the
honeycomb lattice defines a band structure [19] with
two nodal points in the Brillouin zone which determines
a relativistic Dirac-type electronic dynamics [18] (creat-
ing links with certain theories of particle physics). These
properties are responsible for unusual phenomena, such
as the fractional Hall effect,[13, 20, 7, 16] which al-
lows the possibility for magnetic catalysis of an excitonic
gap,[6, 5, 10, 9, 8, 11] ferromagnetism and superconduc-
tivity. [12]
Other studies related to suspended graphene vacuum,
revealed that graphene can change from a semi-metal
into an insulator, due to the formation of a gap in the
fermionic spectrum, resultant from the chiral symmetry
breaking; condensate (exciton). [2, 1]
More recently, attention has turned to the multi-layer
graphene [3] and, particularly, to the bi-layer graphene,
which also reveals abnormalities, i.e., on the of Quantum
Hall effect.[15] In fact, it was shown that the bi-layer
graphene also shows unconventional behaviour in its
properties, however, these properties are different from
those observed in the single-layer of graphene.
There are two main reasons that explain the uncon-
ventional physics of multi-layered graphene:
1. The coupling between the layers is relatively weak
and therefore some of the properties of the base
material, the single layer of graphene, are mani-
fested.
2. The peculiar geometry resulting from the A-B layer
stacking (Bernal stacking), implies that the connec-
tion between the plans takes place mostly in one of
the sub-lattices of each plan.
As in the case of the single-layer graphene, also the
bi-layer graphene is sensitive to the inevitable disorder
generated by environment of the SiO2 substrate.
It has been theoretically and experimentally shown
that the bi-layer graphene is the only material with semi-
conductor properties, with which the width of the elec-
tronic gap is proportional to an applied electric field.
2 Electric-Bias Control in Double
Layer Graphene Electronic Gap
We will start start by describing the pure bi-layer
graphene system with Bernal stacking, where we only
consider the t⊥ coupling amplitude between vertical lay-
ers restricted to shorter vertical distances of these carbon
atoms. We apply between these planes the electric field
f . The Fermi operators are represented in the second-
quantization formalism as a Fourier transform of the n
on-site operators an
ak,j = N
−1/2
∑
n
e−ık·nan,j (1)
which represent plane wave states with k moment, the
indices j are related to four types of sites in the lattice
and, N is the number of cells in a layer - see fig. 1. A
4−spinor is formed as
a†
k
=
(
a†
k,1, a
†
k,2, a
†
k,3, a
†
k,4
)
(2)
and where the unperturbed Hamiltonian is presented as
H0 =
∑
k
a†
k
Hˆ0ak (3)
with matrix
Hˆ0 =


f t⊥ γk 0
t⊥ −f 0 γ∗k
γ∗
k
0 f 0
0 γk 0 −f

 (4)
where γk = t
∑
δ
eık·δ is related to the in-plane hopping
amplitude t, where the sum is performed over the vectors
δ, connecting the nearest neighbours of the n sites.
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3 EFFECT OF IMPURITIES
In the Dirac points, K = (0, 4π/3
√
3a), and −K,
the function γk vanishes. This result occurs in the vicin-
ity of K: q = k − K, is linear: γk ≈ ~vF (qx − iqy),
where vF = 3ta/2~ (with vF being the Fermi velocity,
vF = c/300, c the velocity of light in vacuum, and ~ the
reduced Planck constant).
After diagonalizing the matrix, eq. 4, we obtain:
H0 =
∑
k
[
εk,1
(
α†
k,1αk,1 − α†k,2αk,2
)
+
+ εk,2
(
α†
k,3αk,3 − α†k,4αk,4
)]
(5)
and the eigenvalues are:
εk,1 =
√
t2⊥
2
+ f2 + |γk|2 +
√
t4⊥
4
+ |γk|2(t2⊥ + 4f2)
εk,2 =
√
t2⊥
2
+ f2 + |γk|2 −
√
t4⊥
4
+ |γk|2(t2⊥ + 4f2). (6)
and thus represent the electronic dispersion law for the
bi-layer graphene (see fig. 2).
Based on the demonstrated results, and schematically
shown in fig. 2, an electric-bias increases the electronic
band-gap; this behaviour shows that this material has a
variable electronic gap dependant on the applied electric
field.
3 Effect of Impurities
Based on the above demonstrated results, it is interested
to study the impurity effects on the spectrum rearrange-
ment for the bi-layer graphene system.
As observed on other semiconductors with relevant
technological impact, impurity effects are decisive for the
reliability of the electronic performance of the bi-layer
graphene. Impurities and/or dopants are sometimes in-
evitable during the growth or the processing of the ma-
terials. Considerable effort has hence been directed to-
ward the study of defects in semiconductors and insula-
tors and how these can affect device properties and reli-
ability. Much of the present-day engineering of materials
consists of pragmatic strategies of trying to control defect
densities by processing control and annealing. [17]
Figure 1. Bernal stacking for the structure of bi-layer
graphene. The ±f potential results in the application of an
electric field between two layers.
The uncontrolled presence of defects may cause unre-
liability, being the main source for electrical failure and
breakdown of the material. Trapped charges in defects
causes a shift in the gate threshold voltage of the transis-
tor; it can also change with time, shifting the threshold
voltage with time, thus leading to instability of operating
characteristics. Also, trapped charge scatters carriers in
the channel and lowers the carrier mobility. [17]
Figure 2. The band structure of bi-layer graphene. When
there is no applied electric field, f = 0, the structure is a
gapless semi-conductor, but when an electric field is
applied, f 6= 0, the system becomes insulator, and the width
of the electronic gap ∆ is controlled by the applied field f.
Among such defects are impurities, such as interstitial
hydrogen, that can be unintentionally incorporated dur-
ing the growth environment.[4] Source gases contain hy-
drogen as carrier gas and in molecular beam epitaxy hy-
drogen is the prevailing background impurity, exhibiting
complex behaviours when introduced in materials. [4]
Scripta-Ingenia, Winter Solstice, December 21, 2014. (ISSN: 2183-6000)
m http://cdrsp.ipleiria.pt T (351) 244-569441 B scripta.ingenia@ipleiria.pt Page 19
4 DENSITY FUNCTIONAL THEORY CALCULATIONS OF BI-LAYER GRAPHENE
4 Density Functional Theory Calcu-
lations of Bi-layer Graphene
In density functional theory (DFT) [21] the electronic or-
bitals are solutions of a set of Schrödinger-like equations,
referred to as Kohn-Sham equations, from which poten-
tial terms depend on the electron density. The Kohn-
Sham method assumes that, for each interacting ground
state density n(~r), there is a non-interacting electron sys-
tem with the same ground state density. The interacting
ground state is thus obtained through the solution of the
Kohn-Sham equations that have the form of the single-
particle Schrödinger equation[
− ∇
2
2
+ vKS[n(~r)]
]
ϕi(~r) = ǫiϕi(~r),
where vKS is the Kohn-Sham potential, with a functional
dependence on the electronic density, n, which is defined
in terms of the Kohn-Sham wave-functions by n(~r) =∑occ
i |ϕi(~r)|2.
This potential can be defined as the sum of the exter-
nal potential, which is the Coulomb attraction between
the bare nucleus and the electrons, the Hartree term, rep-
resenting the electrostatic energy of the electron in the
field generated by the total density; and the exchange
and correlation potential (xc), thus
vKS[n(~r)] = vext(~r) + vHartree[n(~r)] + vxc[n(~r)]. (7)
The last term of eq. 7 is the exchange-correlation poten-
tial, that takes into account the many-body effects in the
form of an exchange-correlation functional and is defined
by the functional derivative of the xc energy
vxc[n(~r)] =
δExc
δn(~r)
. (8)
The only approximation in DFT is related to the non-
trivial many-body effects, which can be grouped into one
of the terms of the non-interacting Kohn-Sham potential -
the exchange-correlation (xc) functional. This functional
has to be obtained by approximations, developed for a
wide variety of physical systems and applications.
The simplest approximation to represent an
exchange-correlation potential is to apply the Local Den-
sity Approximation (LDA) or its spin-relaxed version, the
Local Spin-Density Approximation (LSDA). Within this
approximation the potential depends only on the value
of the density at ~r [22]. The correlation functional is
obtained by a simple parametrized form fitted to sev-
eral densities calculated by using quantum Monte Carlo
simulations of Ceperley and Alder [23] on homogeneous
electron gases. The most common parametrizations in
use are PZ81 [24], PW92 [25].
The generalized gradient approximation (GGA), an-
other well known functional, differs from the LDA be-
cause this functional also incorporates the effects of in-
homogeneities by including the gradient of the elec-
tron density, ∇n (semi-local method). In this case the
most widely used parametrizations are the Perdew-Wang
(PW91) [26] and the Perdew-Burke-Ernzerhof (PBE)
[27].
Some results, obtained within the L(S)DA approxi-
mation are found to be in very good agreement with
experimental data, such as equilibrium structures, har-
monic stretch frequencies, and charge moments [28]. Al-
though successful for some systems, this approach can
fail, for example, by incorrectly predicting negative ions
to be unstable, underestimating the fundamental energy
gaps of semiconductors and insulators, overestimating
the length of hydrogen bonds. Similar to the LDA, GGA
also fails to describe energy band-gaps, which are a cru-
cial physical quantity if one intends to study, e.g. the
impurity levels in doped semiconductors. Another com-
mon deficiency of (semi-)local approximations is their in-
correct description of long-range correlation, mainly the
van-der-Waals (vdW) interactions. Inspite these failures,
these functionals provide reasonable accuracy for forces,
charge-densities, energy barriers, and are computation-
ally inexpensive to obtain the ground-state properties of
periodic systems.
Improved exchange-correlation functionals have been
formulated since then, and are grouped into five rungs
in a sequence of chemical accuracy, known as the Jacob’s
ladder of density functional approximations [29]. As the
ladder is ascended, the functionals incorporate higher
levels of theory with increasingly complex parameters.
In order to obtain a ab-initio band-structure of bi-
layer graphene, as a function of different applied electric-
bias, and compare to the tight-binding approximation,
DFT calculations were performed, as implemented in the
Quantum-Espresso code package [30]. The semi-local
generalized-gradient approximation functional with the
PBE parametrization [27] was employed for electronic-
structure the calculations. Projector augmented-wave
(PAW) [33, 32, 31] pseudopotentials were used to rep-
resent the effective-potential of the system.
The starting point for the present calculations, was
a full structural relaxation for the unit-cell of the AB
stacking of bi-layer graphene, performed with a plane-
wave cut-off of 900 eV. Such a high cut-off was found
necessary to converge the total energy of the system.
In order to sample the Brillouin zone (BZ) a Γ-centred
Monkhorst-Pack mesh [34] of 44×44×1 was employed.
Since (semi-)local DFT functionals do not take into ac-
count van der Waals interactions, which are essential for
many covalent bonded systems and systems dominated
by dispersion forces, i.e. interlayer bonding of bi-layer
graphene, dispersion effects were included via semiem-
pirical atom pairwise interactions using the DFT-D2 meth-
ods by Grimme et al [35].
In Fig. 1 the electronic band structure is represented
for the system, where one may observe that at 0 eV, the
valence-band maximum and conduction-band minimum
are joint together, thus exhibiting a zero band-gap at the
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Figure 1: Electronic band-structure of bi-layer graphene for the AB-stacking system, for different applied electric-
bias. The units of the electric-bias is given by eV/A.
high-symmetry point K. By applying an electric-bias, the
gap starts to open. The width of the gap increases with
increasing bias, evidencing a tunable electronic band-
gap, similar to what was experimentally observed [36],
and similar to results obtained through the tight-binding
method.
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